The implementation of weak-value amplification requires the pre-and post-selection of states of a quantum system, followed by the observation of the response of the meter, which interacts weakly with the system. Data acquisition from the meter is conditioned to successful post-selection events. Here we derive an optimal post-selection procedure for estimating the coupling constant between system and meter, and show that it leads both to weak-value amplification and to the saturation of the quantum Fisher information, under conditions fulfilled by all previously reported experiments on the amplification of weak signals. For most of the pre-selected states, full information on the coupling constant can be extracted from the meter data set alone, while for a small fraction of the space of pre-selected states, it must be obtained from the post-selection statistics. 
The procedure for attaining an amplification of the weak value, which has as essential ingredient a conditional measurement procedure, can be divided into two steps: (i) the system to be measured, prepared in a preselected initial state, first interacts weakly with a meter, through a bilinear coupling -quantified by a coupling constant g -between observablesÂ of the system and M of the meter, and then is post-selected in a predetermined state, usually taken as almost orthogonal to the initial state of the system; (ii) the weak value (real part or imaginary part) is determined by observation of the meter, whenever the post-selection in the predetermined state is successful. In this procedure, the amplification of the weak-value is not deterministic. The interaction between system and meter is assumed to take place during a short time interval, so that the free evolution of system plus meter can be safely neglected.
The possibility of amplifying very weak signals via WVA leads quite naturally to the question as to whether such measurements may be used to enhance metrological protocols that aim to estimate the coupling constant g. However, such procedures may lead not only to amplification of the signal, but also to the mitigation of the number of experimental data (statistics) that may be used to estimate g. This has led to debate on the possible advantages of weak measurements over the standard quantum-measurement procedure [16] [17] [18] [19] [20] . Proper treatment of this problem requires the machinery of quantum metrology, which establishes general bounds for the uncertainty in the estimation of parameters [21, [23] [24] [25] , defined by the mean-square estimation error, and expressed in terms of the corresponding quantum Fisher informations. From [18, 23] and the above discussion, it is clear that the amount of information on g cannot be superior to that quantified by the corresponding quantum Fisher information. This is an upper bound valid for any kind of measurement, including weak measurements. In spite of this, practical advantages of weak measurements have been pointed out [16, 19] .
Here we address the formalism of WVA itself, and propose an optimized post-selection procedure, which actually saturates the quantum Fisher information corresponding to the estimation of g, in the weak-coupling limit, and can be applied to all previously reported experiments involving amplification of weak signals. This procedure leads to a post-selected state that is not, in general, quasi-orthogonal to the initial state, as opposed to the usual approach. We also show that proper handling of the conditions of weak coupling between quantum system and meter involves a limiting procedure concerning two small quantities, the coupling constant and the overlap between initial and post-selected states, which when tackled properly leads to results at variance with previously published analyses. These results imply that WVA, even though relying on a reduced data set, may lead, under proper choice of the detection procedure, to the same information on the parameter to be estimated as optimal quantum measurement protocols.
Quantum metrological limits. We look now for the ultimate precision limit in the estimation of g for a system described by the weak-coupling Hamiltonian. We assume that the meter M and the quantum system A couple linearly through the interactionĤ I (t) = gδ(t − t 0 )ÂM , g taken to be positive and dimensionless, without loss of arXiv:1410.7415v1 [quant-ph] 27 Oct 2014 generality. A and M are initially prepared in the state |Ψ i = |ψ i ⊗ |φ i , where |ψ i is the initial quantum state of A and |φ i is the initial state of M.
If one estimates the value of a general parameter x trough ν repeated measurements on the system that carries information about it, then the minimum reachable uncertainty on unbiased estimatives of the parameter is determined by the Cramér-Rao limit [26] [27] [28] : δx ≥ 1/ νF (x). Here δx = (x − x est ) 2 1/2 is the meansquare estimation error, the average is taken over all possible experimental results, and x est is an estimate of the parameter x, based on the observed data. F (x) is the Fisher information, defined by
where P k (x) is the probability distribution of obtaining an experimental result k, assuming that the value of the parameter is x. The Fisher information F (x) depends, through P k (x), on the state of the system and on the measurement performed on it. The maximization of F (x) over all possible measurements leads to the quantum Fisher information [21-23] F(x), which depends only on the x-dependent state of the system, and yields the minimum possible value of δx. For a pure state |Ψ(x) , it is given by [21] 
ForÛ (g) = exp[−i Ĥ I (t)dt] = exp(−igÂM ), and |Ψ i = |ψ i ⊗ |φ i , the maximum amount of information on the coupling parameter g that can be obtained by measurements on A + M is then, according to (2) ,
where from now on the averages of operators corresponding to A and M are taken respectively in the states |ψ i and |φ i . We compare now this expression to the one corresponding to the WVA protocol.
Parameter estimation with post-selection. For the evolution corresponding toÛ (g), the probability of detecting system A in the state |ψ f immediately after t 0 is
The original WVA strategy involves measuring the meter M only when the system A is post-selected in |ψ f . The post-selection statistics -described by the post-selection probability p f (g) in the asymptotic limit ν → ∞ -is ignored in the estimation of g. Full consideration of the post-selection procedure should take it into account. This can be described through a set of generalized measure-
. . n, where the set {Ê j }, with n j=1Ê j =1 M , acts on the states of M [18, 29] . The corresponding Fisher information for the estimation of the coupling constant g, as defined by (1) , is F ps (g) = F m (g) + F p f (g), where
with P j (g) = φ f (g)|Ê j |φ f (g) , is the Fisher information associated to measurements on the state of the meter after post-selection, times the probability p f (g) that the post-selection succeeds, and
stands for the information on g encoded in p f (g).
The amount of information F m (g) quantifies the performance of the estimation for the original WVA. It takes into account both the enhancement provided by the postselection, through the state (4), and the degradation due to the loss of statistical data, through the probability p f (g). F p f (g), on the other hand, quantifies the amount of information on g acquired from p f (g) itself. The total information F ps (g) is obtained with the best unbiased estimative of g that considers all available data in the experiment, when the meter is monitored only if the post-selection of the system is successful.
The maximal value F m (g) of F m (g) over all POVM's acting in the Hilbert space of the meter is obtained by inserting |φ f (g) into (2), with x ≡ g, and multiplying the result by p f (g), yielding
−igÂM |ψ i are operators that act in the Hilbert space of the meter. Note that F m (g) is a functional of |Ψ i and of |ψ f , the post-selected state. We define
Since in all reported WVA experiments only the meter is measured, a challenging question is whether the quantum Fisher information given in (3) can be attained by F m (g) alone.
If not, can this be accomplished by F ps (g)?
In the next section we examine these questions, as we specialize these results to the weak-coupling regime.
Weak-coupling regime with balanced meters. We solve the problem of maximizing F ps (g) over the state |ψ f in the weak-coupling limit, with the condition M = 0 (balanced meter). Then ∆ ≡ M 2 1/2 is the standard deviation of the initial distribution of eigenvalues ofM , and the quantum Fisher information becomes F(g) = 4 Â 2 ∆ 2 . Under these conditions, and for separable initial states, we shall show that it is always possible to find a post-selected state |ψ f , such that F ps (g) reaches, up to first order in g, the quantum Fisher information F(g). Those conditions, although restrictive, are fulfilled in all experiments aimed to amplify weak signals, reported so far [2] [3] [4] [5] [6] [7] [8] 13] . We discuss first the situation where F m (g) alone reaches F(g).
For g sufficiently small, we show in the Supplemental Material [30] 
This implies that the ansatz |ψ
, where the superscript opt specifies quantities corresponding to the above post-selection. Therefore, F opt m (g) coincides with the quantum Fisher information, up to first order in g. For this optimal post-selection, the correction must be necessarily non-positive, independently of the sign of g, which excludes corrections of O(g).
Quantifying the meaning of "g sufficiently small" requires careful consideration of the relative magnitudes of δ ≡ ψ opt f |ψ i = Â / Â 2 1/2 and g, since |δ| may become much smaller than one, for some initial states, as discussed in the following. We shall show however that, except for very small values of |δ|, as compared to g, the information from the meter is enough to saturate the quantum Fisher information F(g).
It is worthwhile to note that, for anyÂ and |ψ i ,
is not, in general, necessarily quasi-orthogonal to the initial state, which is typically assumed in the WVA literature to be the ideal post-selected state. Indeed, depending on |ψ i , |ψ opt f may vary continuously from a state parallel to the initial state (when |ψ i is an eigenstate ofÂ) to a state orthogonal to |ψ i (when Â = 0).
The weak value ofÂ is defined as
, this becomes A w = Â 2 / Â , which, for any state that is not an eigenstate ofÂ, is larger than the average value ofÂ, i.e., there is amplification of the signal. In general, the magnitude of A w depends on the smallness of the absolute value of the scalar product of the pre-and post-selected states of the system. The limit of amplification, in order that the weak value be well defined, was discussed earlier in the literature [31, 32] . In particular, it is required that g|A w |∆ 1. Indeed, the signal obtained from the measurement of the meter is de-amplified as one tries to get very close to the orthogonal post-selection, which has been named the inverted region [32] . The optimal post-selected state |ψ opt f , which leads to the best precision in the estimation of g, does not provide the largest possible amplification established by [31] , since |δ| is not necessarily much smaller than one.
We show now that, in two limiting cases, the informa-
. We assume in the following balanced meters and the post selection of |ψ opt f . We have then [30] :
In this case, full information on g can be obtained from the statistics of successful post-selection detections in |ψ opt f . One should note, however, that this is the region of parameters for which the usual weak-value theory breaks down [32] . Furthermore, this condition holds in a small region of overlaps δ, since the convergence of the expansion in g requires that g Â 2 1/2 ∆ 1 [32] . Typical experimental values of g Â 2 1/2 ∆ range from 10 −3 [4, 9] to 10 −8 [5] .
Therefore, full information on g is now obtained by considering just the best measurement on the pointer after post-selection.
One should note that condition (a) includes the region of initial states where |ψ opt f becomes orthogonal to |ψ i . This implies, surprisingly, that even though exact orthogonality is avoided in typical WVA treatments, it actually leads to saturation of the quantum Fisher information, with the information on g fully concentrated in the statistics of successful post-selection events. Then, measurements on the meter, the ones considered in most WVA analysis, yield no information on g.
All these results were obtained for post-selection in |ψ f = |ψ opt f . As shown in the Supplementary Material [30] , the choice |ψ f = |ψ i also leads to F ps (g) = F(g)+O(g 2 ). In this case, the information obtained from the statistics of successful post-selection becomes important in a broader region of initial states. One should note, however, that in this case A w = ψ i |Â|ψ i , and therefore there is no weak-value amplification. This shows that, even in a post-selection procedure, WVA is not needed in order to increase the precision in the estimation of g.
The example discussed in the following illustrates the results of this section.
Weak-value amplification of a spin. Consider a twolevel system, which interacts with the meter in such a way thatÂ =σ z . We parametrize the pre-and post-selected states by the angles {θ i , θ f , φ i , φ f }, so that |ψ i = cos(θ i /2)|0 + e iφi sin(θ i /2)|1 and |ψ f = cos(θ f /2)|0 + e iφ f sin(θ f /2)|1 , where |0 and |1 are the eigenvectors ofσ z corresponding to the eigenvalues +1 and −1, respectively. SinceÂ 2 =1, the small-coupling condition requires that g∆ 1. According to the previous discussion, the bound F(g) can be approached when |ψ f =σ z |ψ i , M = 0, and if terms of O(g 2 ) are neglected. For this post-selected Figure 2 illustrates the behavior of F m (g)/F(g) and F ps (g)/F(g) (inset), normalized to the quantum Fisher information, as a function of θ f , for several values of g∆. As discussed before, θ f = θ i corresponds to an optimal post-selection procedure, since then |ψ opt f =σ z |ψ i . As shown in Fig. 2 , there is a dip in F m (g), which corresponds to the region where F p f (g) must be taken into account. This dip becomes wider as g∆ increases, a behavior that is analytically described in the Supplemental Material [30] . The inset shows that the maximum of F ps (g) is reached for θ f = θ i ≈ π/3, for the values of g∆ considered. For g∆ 1, the meter information dominates over practically the whole range of values of θ f , except for a vary narrow dip, which is compensated by a corresponding sharp increase of the information in F p f (g), so that the full post-selection Fisher information F ps (g), displayed in the inset, has a smooth behavior. Post-selection in the initial state is discussed in [30] .
Conclusion. We have shown that the information on the coupling constant between system and meter, obtained through a post-selection procedure that leads to weak-value amplification, saturates the quantum Fisher information in the weak-coupling regime. As the postand pre-selected states get orthogonal to each other, the information on the parameter gets transferred from the meter to the post-selection statistics, which then plays the dominant role in the estimation protocol, albeit restricted to a small fraction of the space of pre-selected states. These results imply that one of the main advantages of weak-value amplification, namely the ability to amplify signals of the meter, does not spoil the estimation precision, even though it relies on the reduced data set corresponding to the conditional observation of the meter.
Supplemental Material
Maximization of Fm(g) and Fps(g) over all possible measurements on the meter.
We assume here, as in the main text, that system A and meter M are initially prepared in the separable state |Ψ i = |ψ i ⊗|φ i . The maximization of F m (g), and also of F ps (g), over all possible POVMs {Ê j } yields the information F m (g), and, respectively, F ps (g). F m (g) can be obtained through the expression of the quantum Fisher information of the state |φ(g) defined by Eq. (5) of the main text. After a straightforward calculation, we get
whereQ
and we have used the notation X to denote the average (over the initial state) in the Hilbert space where the operatorX acts. The coupling constant g is assumed to be dimensionless. The above expressions imply that
Using the notation (Â n ) f i ≡ ψ f |Â n |ψ i , assuming that (Â n ) f i is bounded, and defining δ ≡ ψ f |ψ i as real and positive (without loss of generality), we have
and
We assume here that the above expansions converge, for g sufficiently small. We will also assume, as in the main text, that the initial state of the meter satisfies the condition that we call balanced meter:
Analysis of the Fisher informations Fm(g), and Fp f (g) as a function of the initial state of the system |ψi , for a general post-selected state |ψ f
In analyzing the behavior of (S1, S2, S6) we should consider the dependence on δ of p f (g). It is easy to show that, using the balanced-meter condition, we may write
where R(g, δ) is of order g 3 and
, which we assume to be different from zero.
Thus,
(S13)
Comparison of the magnitude of δ 2 and 1 − δ 2 with the two terms of g 2 Z(δ) -the largest terms in the denominators of F m (g) and F p f (g) -leads to the following limiting cases:
is the standard deviation of the meter eigenvalues distribution, then
ii. In the small region δ
Hence F p f (g) may be well approximated by
which has the maximum value 4|Â f i | 2 ∆ 2 at δ = 0 (post-selected state orthogonal to the initial state). Analogously, we may neglect the term δ 2 Im 2 {(Â 2 ) f i }∆ 4 in (S13) which will contribute in order g 4 (at most) in the numerator, and write
Equations (S15) and (S16) explain the sharp dip in F m captured in Fig. 2 of the main text, around the point where |ψ f gets orthogonal to |ψ i , and show that in the same region F p f has a sharp peak, so that their sum recovers a smooth function, as shown in the same figure. iii. The situation when 1 − δ
is more subtle. We analyze it in the following, for specific choices of the post-selected state.
Analysis of the Fisher informations Fps(g), Fm(g), and Fp f (g) as a function of the initial state of the system |ψi , for the post-selected state |ψ f = |ψ opt f .
We consider now that the post-selected state of the system A is chosen as |ψ f = |ψ opt f =Â|ψ i / Â 2 1/2 . As before, we assume the initial state of the meter to be such that M = 0.
We focus on the physically relevant quantities, which are the information extracted from the meter, F m (g), given by (S1) and from the post-selection probability, F p f (g), as expressed by (S2). Assuming the convergence of the expansions around g = 0, one has
where δ ≡ ψ opt f |ψ i = Â / Â 2 1/2 . We show now that F ps (g) saturates the quantum Fisher information, up to terms of first order in g. We notice from (S17) that the first term on the right-hand side of (S6) already saturates the quantum Fisher information F, up to first order in g. From (S18), the second term on the right-hand side of (S6) is at most of O(g 2 ). Furthermore, the third term on the right-hand side of (S6) is always positive, and therefore must be of O(g 2 ), since F ps cannot be larger than F. Therefore,
We analyze now two limiting cases, for which the information on g is obtained either from the meter or from the post-selection statistics.
(a) For |δ| = Â / Â 2 1/2 g Â 2 1/2 ∆, the contribution from (S18) is of O(g 2 ), as well as that from (S20). On the other hand, (S19) contributes with O(g 0 ) in this limit. In this regime, and assuming also that δ Â 3 / Â 2 3/2 1, (S19) can be written as
such that we end up with
This expression coincides, up to first order in g, with the quantum Fisher information. Therefore, in this limit, the information on g is obtained solely from the post-selection statistics.
(b) For |δ| g Â 2 1/2 ∆, the contribution from (S18) is of O(g 4 ) and that of (S19) is of O(g 2 ).
We show now that the contribution from (S20) is of O(g 2 ). This is trivially true if 1 − δ 2 is not much smaller than one: then, it will be the dominating term in the denominator, and the right-hand side of (S20) will be of O(g 2 ). We show in the following that this still holds if 1 − δ 2 1. In the limit δ → 1, |ψ i → |a , where |a is some eigenstate ofÂ with eigenvalue a. Therefore, for small values of 1 − δ 2 , |ψ i should be of the form
whereÂ|a = a|a , b|a = 0 and is chosen as real (without loss of generality), with 1. This implies that
. Also, the term of O(g 2 ) in the denominator of (S20) can be written as
so that
implying that, in the denominator of (S20), the term 1 − δ 2 always dominates over g 2 Z(δ). Furthermore, in the same
. From (S1) and (S2), one has then, for |δ| g Â 2 1/2 ∆,
Therefore, in this limit, the information on g stems from the meter alone.
Analysis of the Fisher informations Fps(g), Fm(g), and Fp f (g) as a function of the initial state of the system |ψi , for the post-selected state |ψ f = |ψi .
The Fisher informations F ps (g), F m (g), and F p f (g) can be analyzed for |ψ f = |ψ i , in the limit of weak coupling, for M = 0, by using the expansions (S7), (S8), and (S9)). For |ψ f = |ψ i , these expansions yield, respectively,
One gets, up to order g 2 :
Therefore,
so that the total quantum Fisher information corresponding to the post-selection strategy is
which shows that the post-selection in the state |ψ f = |ψ i also saturates the quantum Fisher information, up to terms of first order in g. One should note, however, that in this case the repartition of information between the meter and the post-selection statistics differs markedly from that corresponding to the post-selection strategy previously discussed: in particular, even though the probability of post-selection is close to one, the information on g is obtained from the post-selection statistics alone if the initial state of the system is such that Â = 0.
For g∆ 1, expand (S41) and (S42) and obtain
where δ 2 = cos 2 θ. We notice that F p f contributes to the Fisher information only in a very small region ∆θ ≈ O(g∆) near the equatorial plane in the Bloch sphere. Outside this region F m (g)/F(g) ≈ 1. Indeed F m (g) is larger than F p f (g) as θ increases from zero up to the value (π/2−g∆), when their contributions to the Fisher information coincide, if one neglects contributions of O(g 2 ).
Analytical results for the post-selection state |ψ f =|ψi
In this case, one should take θ i = θ f = θ and φ = 0. From (S39) and (S40) one gets 
(1 + cos 2 θ + e −2g 2 ∆ 2 sin 2 θ)(1 − e −2g 2 ∆ 2 ) .
Expansion of these expressions for g∆ 1 leads to
Therefore, in this case the Fisher information corresponding to the post-selection statistics must be taken into account over a broader range of initial states, as compared to the post-selection strategy considered before.
